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In [3] it was announced that D. H. J. DE JoNGH has shown that every 
finite logic is finitely axiomatizable. We establish this result by a different 
method, and also provide a neat syntactic characterization of finite logics. 
The terminology and ideas of [3] will be presupposed. (In a letter to the 
author, dated August 26th, 1966, Dr. Troelstra remarked that theorems 
3.4 and 3.5 have not yet been proved, since the proof of theorem 3.4 
contains a gap.) 
We recall that ex denotes the two-element lattice. 
Definition. If {3 is a pseudocomplemented lattice (P.L.) of type 
y+cx where y is arbitrary, then we say that {3 is strongly compact. 
We now prove some lemmas on strongly compact P.L.s: 
Lemma l. Every P.L. is isomorphic to a subdirect product of sub-
directly irreducible P .L.s. 
Proof. The lemma follows directly from the result of BIRKHOFF [1] 
that every algebra can be represented as a subdirect product of sub-
directly irreducible algebras. 
Lemma 2. A P.L. {3 is subdirectly irreducible iff. it is strongly compact. 
Proof. We can prove this by slightly extending lemma 4 of [2]. Suppose 
that {3 is not strongly compact. Then {3 is of the form {1p} U {btfi E I} 
where none of the bt is greater than all the others. 
Each element bt generates an equivalence relation -t on {3 given by: 
x -t y iff (bt *(x * y)) n (bt *(y * x)) = 1p 
One can show that -t is a congruence relation on {3, by making use 
of the following theses of the intuitionistic propositional calculus: 
[Ao~ (A1 ~A2)) & (Ao~ (Aa~A4))] ~ [Ao~((Al &Aa) ~ (A2 & A4))] 
[Ao~(Al ~A2)) & (Ao~ (Aa~A4))] ~ [Ao~ ((A1 v Aa)~ (A2 v A4))] 
[Ao~(A2~A1)) & (Ao~ (Aa~A4))] ~ [Ao~ ((A1 ~Aa) ~(A2~A4))] 
[Ao~ (A1 ~A2)]~[(Ao~ (--, A2 ~--, A1))]. 
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Each element bi therefore determines a homomorphic image f3i of {3. 
under the above congruence. One can then show that {3 is subdirectly 
reducible to the P.L.s f3i· In order to prove sufficiency, we proceed as in 
lemma 4 of the cited paper. 
Lemma 3. Every P.L. is isomorphic to a subdirect product of strongly 
compact P.L.s. 
Proof. By lemmas l and 2. 
Lemma 4. Every intermediate logic X({J) can be characterized by a 
set of strongly compact P.L.s. 
Proof. By lemma 3, {3 is a isomorphic to a subdirect product of 
strongly compact P.L.s. 
We now prove a theorem, which gives a syntactic characterization 
of finite logics : 
Theorem l. An intermediate logic X({J) is finite iff. the wff. En E X({J) 
for some n, n > 2, where 
En=(Al ~ Az) v (A1 ~ Aa) v ................. v (A1 ~An) 
v (A2 ~ Aa) v ................. v (A2 ~ An) 
V (An-1 ~An) 
Proof. It is well known that if X({J) is finite, then En E X({J) for 
some n>2. Suppose conversely that En E X({J) for some n>2. By lemma 
4, X({J) can be characterized by a set of strongly compact P.L.s, say M. 
Hence En must be valid on each member of M. But then there can be 
no member of M with k > n -l elements. There are only a finite number 
of distinct strongly compact P .L.s. with k < n -l elements, and so M 
has only a finite number of members each of which is finite. Hence X({J) 
is a finite logic. 
Theorem 2. The sequence of finite logics !(En) n=3, 4 ... is charac-
teristic for the intuitionistic propositional calculus I. 
Proof. It is clear that ifF El, then F El(En) for each n=3, 4 .... 
Suppose conversely that F ¢:I. Then since I has the finite model property, 
there exists a finite logic X({J) such that F ¢: X({J). Because X({J) is finite, 
we have that En E X({J) for some n>2. Hence !(En) C X({J). But then 
F ¢:!(En). 
Remark. For n>2, I(En)=X(y) where y is the direct product of 
all strongly compact P.L.s with less than n elements. 
Theorem 3. Every finite logic X({J) is finitely axiomatizable. 
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Proof. By theorem 2, we have that !(En) C X((3) for some n > 2· 
By theorem 3.1 of [3) we have that each successor !(En) can be axiomatized 
by adjoining a finite number of axioms to I(En). Hence, since l(En) is 
finitely axiomatized, X((3) must be finitely axiomatizable. The axioms 
which we add to l(En) can be got in a constructive manner. Theorem 3 
is therefore entirely constructive, although unwieldy in practice. The 
proof of theorem 3, in the form given, is due to A. S. TROELSTRA and 
replaces a non-constructive version due to the author. I wish to thank 
Dr. Troelstra for his numerous helpful comments on earlier drafts of 
this paper. 
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